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In this paper we calculate additional contributions to that part of the non-Gaussianity of the
primordial curvature perturbation ζ, which come from the three-point correlator of the field pertur-
bations. We estimate this contribution in the following models for the origin of ζ: single-component
inflation, multi-component chaotic inflation, a two-component “hybrid” inflationary model, and
the curvaton scenario. In all of these models, the additional contributions to the primordial non-
gaussianity considered here are too small to ever be detected.
PACS numbers: 98.80.-k JCAP 001P 0406, astro-ph/0603534
I. INTRODUCTION
There is substantial interest in an observable deviation from a Gaussian distribution of the primordial curvature
perturbation ζ [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. From observation, the nongaussian contribution of ζ is
expected to be small [16]. Nevertheless the current bound still includes a wide range of models for the origin of ζ, and
therefore a future nongaussian detection or a tighter bound on the nongaussianity of ζ, could rule out a considerable
number of models.
The level of nongaussianiaty in the curvature perturbation can be parameterised by fNL, which specifies the three-
point correlator of ζ. Here we apply the δN formalism [17, 18] to calculate new contributions to fNL. While the
relevant scales are outside the horizon, the curvature perturbation according to the δN formalism, is given by [5]
ζ(x, t) = δN(ρ(t), φi(x)) (1)
=
∑
i
Ni(t)δφi(x) +
1
2
∑
ij
Nij(t)δφi(x)δφj(x) + · · · , (2)
where N(ρ(t), φi(x)) is the number of e-foldings from an initial flat slice, on which the field values are evaluated,
to an uniform energy density slice at a time t after ζ has settled down to the time-independent value. Ni and Nij
are the partial derivatives, Ni = ∂N/∂φ
i and Nij = ∂
2N/∂φi∂φj , resulting from the Taylor expansion on the field
perturbations. From now on, we consider only the first two terms of the expansion in Eq.(2)
In the case of Gaussian field perturbations fNL is given by [5, 6]
6
5
fNL ≃
∑
ij NiNjNij
(
∑
lN
2
l )
2 + Pζ
∑
ijk NijNjkNki
(
∑
lN
2
l )
3 . (3)
Seery and Lidsey [8] have calculated the three-point correlator of the field perturbations. To leading order in the
field perturbations, the three-point correlator is
〈ζk1ζk2ζk3〉 ⊂
∑
ijk
NiNjNk〈δφik1δφjk2δφkk3〉 , (4)
which gives the following additional term
∆fNL =
∑
ijk NiNjNk f
ijk (k1, k2, k3)
[
∑
lN
2
l ]
3/2P1/2ζ
. (5)
The f ijk’s are dimensionless functions proportional to the three-point correlator of the field perturbations. This term
adds a contribution to fNL too small to ever be observable, |∆fNL| ≤ 0.044 [11].
In this paper we calculate the next order contribution to fNL. Contrary to the ∆fNL case, we are unable to give
an estimate for an arbitrary potential. Therefore we calculate its contribution to the nongaussianity of ζ in several
specific cases: single field inflation, multicomponent chaotic inflation, the two-component inflationary model of Ref.
[19], and in the curvaton scenario.
2II. HIGHER ORDER CORRECTIONS TO fNL
The observed distribution of the curvature perturbation ζ in the CMB is almost Gaussian. The power spectrum in
the δN formalism is then approximately given by
Pζ ≃
(
H
2π
)2∑
i
N2i . (6)
The three-point correlator of ζ, or its bispectrum defined by 〈ζk1ζk2ζk3〉 = (2π)3Bζ δ3(k1 + k2 + k3), is the lowest
order signature of non-Gaussianity. To measure a possible small deviation from gaussianity in ζ we introduce the fNL
function, defined as [3]
Bζ (k1, k2, k3) =
6
5
fNL [Pζ (k1)Pζ (k2) + cyclic] , (7)
where Pζ(k) = 2π
2Pζ/k3.
We consider the contribution of the three-point correlator of the field perturbations to the following term1
〈ζk1ζk2ζk3〉 ⊂
1
4
∑
ijk
NiNjjNkk〈δφik1
(
δφj
)2
k2
(
δφk
)2
k3
〉+ (k1 ↔ k2) + (k1 ↔ k3) , (8)
where k1 ↔ k2 and k1 ↔ k3 represent the corresponding permutations, and (δφ)2k denotes the convolution product of
the field perturbations:
(
δφ2
)
k
=
1
(2π)
3
∫
d3q δφqδφk−q . (9)
The correlator in the field perturbations has the following generic form
〈δφik1δφjq2δφjk2−q2δφkq3δφkk3−q3〉 = 〈δφik1δφjq2〉〈δφ
j
k2−q2
δφkq3δφ
k
k3−q3
〉+Comb , (10)
where Comb refers to all possible combinations of the 5 elements in groups of two, which in total number 10. In the
equation above, the two point function is defined by
〈δφik1δφjk2〉 = (2π)
3
δij Pδφi (k1) δ
(3) (k1 + k2) , (11)
where we consider a scale invariant spectrum Pδφi(k) = (k3/2π2)Pδφi = (H/2π)2. On the other hand, the three-point
function obtained from second order cosmological perturbation theory is [8]
〈δφik1δφjk2δφkk3〉 = (2π)3
δ(3)(
∑
i ki)∏
l k
3
l
4π4
M2P
(
H
2π
)4∑
σ′
φ˙i
2H
δjkM123 , (12)
with M123 given by
M123 ≡M (k1, k2, k3) = 1
2
[
−3k
2
2k
2
3
kt
− k
2
2k
2
3
k2t
(k1 + 2k3) +
1
2
k31 − k1k22
]
, (13)
where kt denotes the sum of the modulus of the three momenta kt = k1 + k2 + k3. In Eq. (12) the sum σ
′ is over all
the permutations of the indices i, j and k, and at the same time over their respective momenta k1, k2 and k3. MP is
the reduced Plank mass: MP = 2.436× 1018 GeV.
Of the 10 combinations in Eq. (10) only 8 are non-vasnishing, since neither k2 nor k3 can be zero. The 8 terms can
be arranged into two groups of 4 terms, each group containing terms that give the same contribution. These can be
represented schematically as two different diagrams, shown in Fig.(1). The other two contributions in Eq. (8) arising
1 Note that we have diagonalized the Nij in the field perturbations basis to simplify the calculation. The connected part of the five point
function is not written explicitely.
3FIG. 1: Here we show the two possible diagrams. There are three external lines corresponding to the three momenta k1, k2
and k3. The parallel lines represent the two-point correlator, whereas the crossed circle indicates the three-point correlator.
The diagrams have been drawn using JaxoDraw [20].
from permuting the k1 momentum with k2 and k3, result in the same two diagrams. Similar diagrams are given in
Ref. [21].
In calculating the contribution to the three-point function of ζ resulting from the first diagram, we find the following
integral over the internal momentum:
I123 =
∫
L−1
d3q
q3
M (k1, |k2 + q|, |k3 − q|)
k31 |k2 + q|3|k3 − q|3
, (14)
and similar integrals corresponding to the permutations in the argument of the M123 function. The momenta de-
pendance of the integrand can be read off from the location of the three-point correlator in Fig.(1). In the equation
above L−1 indicates that the integrand is set equal to zero in a sphere of radius L−1 around each singularity. The
integral then is approximately given at each singularity by
I123 = 4π lnKL
(M (k1, |k2 + q|, |k3 − q|)
k31 |k2 + q|3|k3 − q|3
)
q=0,−k2 or k3
, (15)
where the function in brackets is evaluated at the singularity, and K = min{ki}. The logarithm in the expression
above can be taken to be of order 1 [6]. It can be shown that each permutation of the M123 function only diverges at
q = 0, and only at one of the other two singularities if at any, since the integrand becomes 0 in at least one of them.
Therefore we are able to give a momenta dependent result for each integral.
The total contribution to the the fNL function from the first diagram, using the identity
∑
iNiφ˙
i = −H as in [15],
gives
6
5
∆f
(1)
NL =
1
M2p
(
H
2π
)4 [2∑iNiN2ii ( φ˙i2H)− 12 ∑j N2jj] ∑σM123∑
l k
3
l
− 4∑iNiN2ii ( φ˙i2H)∑
kN
2
k
. (16)
The momenta dependent term has a maximum absolute value for k ≡ k1 = k2 = k3 given by [11]∑
σM (k, k, k)∑
l k
3
l
= −11
6
, (17)
where the sum over σ denotes the sum over the permutations of the three momenta. In the following sections, we
calculate the value of ∆f
(1)
NL for the maximum of the momenta dependent term.
The integrals for the second diagram are evaluated in a similar way to the integrals of the first diagram, but this
time there are more cancellations at the singularities. The total contribution to fNL function from the second diagram
is
6
5
∆f
(2)
NL = −
4
M2p
(
H
2π
)4 
∑
iNiN
2
ii
(
φ˙i
2H
)
∑
kN
2
k

 . (18)
In the following sections, we evaluate these higher order contributions in Eqs. (16) and (18) for several specific
cases.
4III. SINGLE-COMPONENT INFLATION
In single field inflation the number of e-foldings N(t, t0) is given by
N (t, t0) ≡
∫ t
t0
Hdt ≃ 1
M2p
∫ φ0
φ
V
Vφ
dφ . (19)
In the δN formalism we evaluate the partial derivatives of N respect of the field values on the initial flat slice. Then
Nφ =
1√
2ǫMp
, (20)
Nφφ =
1
M2p
(
1− η
2ǫ
)
, (21)
where ǫ =M2p/2 (Vφ/V )
2 and η = M2p (Vφφ/V ) are the slow-roll parameters.
Defining ∆f
(1+2)
NL ≡ ∆f (1)NL +∆f (2)NL, we have the following contribution to fNL:
6
5
∆f
(1+2)
NL = 54 P2ζ
(
ǫ3 − ηǫ2 + η
2ǫ
4
)
. (22)
This is much less than the leading order contribution calculated in [8].
IV. MULTI-COMPONENT CHAOTIC INFLATION
In this section we consider a potential with the following form [13, 22]
V =
1
2
n∑
i=1
m2iφ
2
i . (23)
This potential represents multi-component chaotic inflation. Under slow-roll conditions the masses of the fields are
similar [23], and then the number of e-foldings N is given by N (φi, ρ) =
1
4
∑n
i=1(φ
2
i /M
2
P ) [24]. The derivatives of N
are
Ni = φi/2M
2
p , (24)
Nij = δij/2M
2
p . (25)
Then the contribution in Eq. (3) to fNL is much less than one [13]; (6/5)fNL = 1/N +O(1/N
3), and therefore it
is not observable. The higher order contributions in Eqs. (16) and (18) give
6
5
∆f
(1+2)
NL =
( r
16
)3
P2ζ
[
11
6
(n+ 2) + 8
]
, (26)
where r is the tensor to scalar ratio r = 8(H/2π)2/M2pPζ, which in this case is given by r = 8/N . This contribution
is much smaller than the leading order one in Eq. (3), and therefore negligible.
V. TWO-COMPONENT MODEL
Here we consider a two-component model given by the following potential [4, 19]:
V (N,φ, σ) = V0
[
1 +
1
2
ηφ
φ2 (N)
M2p
+
1
2
ησ
σ2 (N)
M2p
]
, (27)
where ηφ and ησ are the η slow-roll parameters. φ(N) and σ(N) are given in terms of the field values just after
horizon exit, φ and σ, by φ(N) = φ exp(−Nηφ) and σ(N) = φ exp(−Nησ). Here we consider the case σ = 0 of Ref.
[19]. The derivatives of N are [5, 25]
Nφ = (1/ηφφ) , Nσ = 0 , (28)
Nφφ = −ηφ(1/ηφφ)2 , (29)
Nσσ = ησ(1/ηφφ)
2 e2N(ηφ−ησ) . (30)
5The fNL function is dominated by the term in Eq. (3) proportional to Nσσ, and it is approximately given by
6
5
fNL =
( r
16
)3
Pζ
[(ησ
ǫ
)3
e6N(ηφ−ησ)
]
, (31)
where ǫ is the slow roll parameter across the σ = 0 trajectory, ǫ = (ηφφ/
√
2Mp)
2, and r is the tensor to scalar ratio
defined earlier. Similarly, ∆f
(1+2)
NL is dominated by the term proportional to Nσσ, and therefore the main contribution
comes from ∆f
(1)
NL:
6
5
∆f
(1)
NL =
11
6
( r
16
)3
P2ζ
[(ησ
ǫ
)2
e4N(ηφ−ησ)
]
. (32)
This contribution is much smaller than fNL;
∆f
(1)
NL
fNL
≃ Pζ
(ησ
ǫ
)−1
e−2N(ηφ−ησ) . (33)
VI. CURVATON SCENARIO
In the curvaton scenario, the curvature perturbation ζ is generated during the oscillations of the curvaton field σ
after the end of inflation [26, 27, 28]. The curvaton starts oscillating around the minimum of a quadratic potential,
V (t,x) = m2σ2(t,x)/2, in an initially radiation dominated epoch with amplitude g ≡ g(σ∗) until it eventually decays.
Here σ∗ is the value of the curvaton field just after horizon exit during inflation. Defining N as the number of e-foldings
from the beginning of the oscillations to the curvaton decay, its derivatives are given by [5]
Nσ∗ =
2Ωσg
′
3g
, (34)
Nσ∗σ∗ =
2Ωσ
9g2
[
2Ωσ (2 + Ωσ) g
′2 − 3 (g′2 + gg′′)] , (35)
where g′ and g′′ denote the first and second derivatives with respect to σ∗, and Ωσ is the final fraction of the curvaton
energy density before it decays. Then [4, 5]
fNL = −5
3
− 5
6
Ωσ +
5
4
Ωσ
(
1 +
gg′′
g′2
)
. (36)
Defining ǫσ = M
2
p (Vσ/
√
2V )2, where Vσ = ∂V/∂σ, the relative contribution of ∆f
(1+2)
NL to fNL is(
∆f
(1+2)
NL
fNL
)
≃ r P2ζ fNL , (37)
being too small to be detected because of the current observational constraint, fNL < 121 [16].
VII. CONCLUSION
We have calculated a higher-order contribution of the three-point correlator of the field perturbations to the three-
point correlator of the curvature perturbation, which is the next to leading order in the field perturbations. Even
though intuition suggests that it should be smaller than the leading-order contribution, we have not been able to give
a general proof that this is so. Instead, we have shown that it is negligible for the cases that have been considered
so far in the literature. Keeping only the first two terms of Eq.(2), there is one higher order contribution, and more
contributions will be generated by higher order terms in Eq.(2). All of these contributions can be calculated in a
similar way to the calculation shown here.
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